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It is shown that the tension between recent neutrino oscillation experiments, favoring sterile
neutrinos with masses of the order of 1 eV, and cosmological data which impose stringent constraints
on neutrino masses from the free streaming suppression of density fluctuations, can be resolved in
models of the present accelerated expansion of the Universe based on f(R) gravity.
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The possibility of the existence of light sterile neutrinos
has been suggested by neutrino oscillation experiments
such as LSND [1] and MiniBooNE [2] as well as by the
gallium anomaly of the SAGE and GALLEX experiments
(see [3] for a discussion and original references). Recent
nuclear reactor experiments also favor the additional neu-
trinos with masses of this range [4]. Further analysis
shows increasing experimental evidence that there may
exist one or two species of sterile neutrinos with masses
of the order of 1 eV [5].
From the cosmological point of view, recent reanalysis
of the primordial helium abundance produced at the big
bang nucleosynthesis (BBN) also favors the existence of
extra components of radiation [6]. In terms of the effec-
tive number of neutrinos, which is defined by the total
energy density of the radiation as
ρr = ργ
[
1 +Neff
7
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(1)
with ργ being the energy density of the photons, they
find Neff = 3.68
+0.80
−0.70 (2σ) or Neff = 3.80
+0.80
−0.70 (2σ) for
the neutron lifetime τn = 885.4 ± 0.9s or 878.5 ± 0.8s,
respectively. Note that the standard three flavor neutrino
species gives Neff = 3.046 [7]. Furthermore, the cosmic
microwave background (CMB) anisotropy observations
at the small angular scales yield similar values, Neff =
4 − 5 [8, 9]. Thus both the BBN and the CMB suggest
there exists extra relativistic species, which may be sterile
neutrinos that are expected to be thermalized in the early
Universe due to mixing [10].
If we further incorporate the large-scale-structure
(LSS) data in the cosmological analysis, however, it
turns out that in the standard flat Λ-cold-dark-matter
(ΛCDM) model the sterile neutrino mass is constrained
to be appreciably smaller than 1 eV [11, 12] to avoid sup-
pression of small-scale fluctuations due to free streaming.
Hence apparently there exists a tension between the
experimental data of neutrino oscillations and the LSS
data. But of course they should not be treated on an
equal footing because the latter requires a number of
assumptions about the cosmic evolution. Indeed there
have been some attempts to make cosmology compatible
with these experimental data [13] by adopting a wCDM
model to treat the equation-of-state parameter of the
dark energy, w, as an additional fitting parameter, or
by introducing extra radiation components besides the
sterile neutrinos. However, the former results in w < −1
and a larger CDM abundance with the cosmic age being
significantly smaller than the standard value, while the
latter solution may be in conflict with the aforementioned
constraint from the BBN. So neither is an attractive so-
lution.
In this Letter, we show that the extra growth of small-
scale fluctuations at recent redshifts which occurs in vi-
able cosmological models of the present accelerated ex-
pansion of the Universe (in other terms, in models of the
present dark energy) based on f(R) gravity [14–16] can
make eV-mass sterile neutrinos compatible with cosmo-
logical observations under the proper choice of the func-
tion f . f(R) gravity is a simple generalization of General
Relativity (GR) obtained by introducing a phenomeno-
logical function of the Ricci curvature R, see e.g., the re-
cent review [17]. It represents a special case of more gen-
eral scalar-tensor gravity with the Brans-Dicke parameter
ωBD = 0, and it has an extra scalar degree of freedom
(or, scalar particle dubbed a scalaron). However, in con-
trast to Brans-Dicke gravity, the scalaron is massive and
its rest mass Ms depends on R , i.e., on the background
matter density in the regime of small deviations from
GR. Such models explain the present cosmic acceleration
without introducing a cosmological constant; mathemat-
ically this means that f(0) = 0. For the f(R) models of
the present dark energy constructed in [14–16] which sat-
isfy all existing observational data, the deviation of the
background evolution from the standard ΛCDM model is
small, less than a few percent (see e.g., [18]), though not
exactly zero. Their most dramatic difference from the
2standard model appears in the enhancement of the evo-
lution of matter density perturbations on scales smaller
than the Compton wavelength of the scalaron field that
occurs at redshifts of the order of a few depending on the
scale. This extra growth can compensate the suppression
due to the free streaming of massive neutrinos and thus
the upper bound for the neutrino mass is relaxed in f(R)
gravity [19]. We show that the same mechanism works
in the case of sterile neutrinos, too, to make cosmology
with them compatible with neutrino experiments.
f(R) gravity is defined by the action
S =
1
16piG
∫
d4x
√−gf(R) + Sm, (2)
where Sm is the action of the matter content which is
assumed to be minimally coupled to gravity (we put ~ =
c = 1). If we set f(R) = R − 2Λ, it reproduces GR with
a cosmological constant. Instead, for definiteness we use
the following form [16]
f(R) = R+ λRs
[(
1 +
R2
R2s
)−n
− 1
]
, (3)
where n, λ, and Rs are model parameters. Two of them
are free parameters and the other one is determined by
the other two and observational data. If we take n and λ
as free parameters, Rs is approximately proportional to
λ−1 [18]. Note that n should be taken sufficiently large,
n & 2, if we want to obtain a noticeable effect for the den-
sity perturbation enhancement (see below). The model
(3) can describe the accelerated expansion of the present
Universe and it quickly approaches the ΛCDM model for
redshift z > 1 if we take large n and λ. Strictly speak-
ing, a term proportional to R2 should be added to (3) to
avoid the scalaron mass Ms exceeding the Planck mass
for high, but not too high matter densities in the early
Universe [16], as well as to exclude the possible formation
of an extra weak curvature singularity in the recent past
which was found in [20, 21] (still there remains an open
question as to what would occur instead of this singular-
ity [22]). However, the coefficient of this term [usually
written as (6M2)−1 whereM coincides with the scalaron
mass Ms in the regime when this term dominates other
non-GR terms in (3)] should be very small in order not
to destroy the standard evolution of the early Universe.
Namely, either M should be larger than the Hubble pa-
rameter H at the end of inflation, or this term can drive
inflation by itself ifM ≈ 3×1013 GeV [23, 24]. Thus, the
R2 correction is negligibly small at present curvatures.
The model (3) describes a similar background expan-
sion history to that of the ΛCDM model. Although
the equation-of-state parameter for dark energy makes
a phantom crossing at z ∼ 3 [14, 18, 25], it does not
change the CMB spectrum significantly. On the other
hand, the fluctuations evolve differently. We define the
metric perturbation by the following notation,
ds2 = −(1 + 2Φ)dt2 + a2(t)(1 − 2Ψ)δijdxidxj . (4)
We can derive the effective gravitational constant and the
gravitational slip in f(R) gravity by using the subhorizon
limit and the quasistatic approximation [26]:
k2
a2
Φ = −4piGeff(t, k)ρ∆, Ψ
Φ
= η(t, k) (5)
where k is the comoving wave number, and
Geff(t, k)
G
=
1
f ′
1 + 4k
2
a2
f ′′
f ′
1 + 3k
2
a2
f ′′
f ′
, η(t, k) =
1 + 2k
2
a2
f ′′
f ′
1 + 4k
2
a2
f ′′
f ′
. (6)
Here, ∆ is the gauge-invariant comoving matter pertur-
bation, and the prime denotes the derivative with respect
to the Ricci curvature. Thus, in the quasi-GR regime
when f ′ ≈ 1, the effective gravitational constant can be-
come up to 33% larger, independently of a detailed func-
tional form of f(R). This is the cause of the enhancement
of perturbation growth.
As a result of the time and the scale dependences of
these parameters, evolution of matter density fluctua-
tions is different from that in the ΛCDM model; namely,
it is enhanced on small scales [14, 16, 18, 27]. On the
contrary, the light neutrinos suppress structure forma-
tion by free streaming. Therefore, f(R) modification
and neutrino masses play opposite roles in the growth
of perturbations and thus the allowed range for the total
neutrino mass is relaxed in f(R) gravity, compared with
the ΛCDM model [19]. We can apply this mechanism for
the case of sterile neutrinos.
Needless to say, the existence and the mass of the ster-
ile neutrino is to be determined by ground-based experi-
ments rather than cosmology which also depends on other
factors that fix the evolution of the background and per-
turbed Universe in a complicated manner.
Therefore, the question we address in the present Let-
ter is as follows: If future experiments fix the sterile neu-
trino mass at the order of 1 eV, that is inconsistent with
the standard ΛCDM cosmology (see below), can the ear-
lier proposed cosmological models in the scope of f(R)
gravity save the situation and make cosmology compat-
ible with particle physics? We carried out a Markov
chain Monte Carlo (MCMC) analysis for the ΛCDM
model and f(R) gravity with one sterile neutrino with
a mass of 1 eV. Practically, we have neglected the rest
masses of three standard neutrino species (assuming that∑3
i=1mνi < 0.1 eV) compared to that of the sterile neu-
trino. We have modified the mgcamb code [28], which
provides the evolution of the modified growth of matter
fluctuations by setting functional forms of Geff(t, k) and
η(t, k), so that it can implement f(R) gravity by adopt-
ing (6). We have not changed the background evolution
equations, i.e., we kept those in the ΛCDM model, be-
cause the difference between the background evolution
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FIG. 1: 1σ and 2σ contours of σ8 for the cases with three
massless and one massive neutrino with the mass being 1 eV
in the ΛCDM model (dashed black) and f(R) gravity (solid
blue).
in the viable f(R) model and the ΛCDM model is not
significant (though it is not exactly zero). We fixed the
contribution from the 1 eV sterile neutrino by using the
relation Ωνh
2 =
∑
mν/94.1eV. We plugged the above
modified mgcamb code into cosmomc [29, 30] for our
MCMC analysis to search for the best fit set of the model
parameters. The free parameters are the density parame-
ters for the dark matter ΩDMh
2 and for the baryon Ωbh
2,
the sound horizon angle θ∗ ≡ 100rs(z∗)/DA(z∗), whose
use is helpful to minimize degeneracies among the cos-
mological parameters [30], the optical depth τ , the scalar
spectral index ns, the amplitude of the primordial power
spectrum ln(1010As), the Sunyaev-Zel’dovich template
normalization ASZ, the linear galaxy bias parameter b0,
and, for the case of f(R) gravity, the amplitude of the
f(R) modification λ. Here, ΩDM means the sum of the
contribution from cold dark matter and massive neutri-
nos.
In contrast to λ, which is treated as a floating pa-
rameter, we have fixed another f(R) parameter n to
2. This value is chosen because it is the minimal in-
teger value for which the scalaron mass Ms given by
M2s = 1/3f
′′(R) in the quasi-GR regime is, on one hand,
not much higher than the Hubble constant H0 if esti-
mated at the present cosmic background matter density
ρm0 = 3ΩmH
2
0/(8piG) (see the value of the constant B0
below which characterizes it quantitatively), and on the
other hand, it is already sufficiently large for matter den-
sities inside the Solar System (not speaking about those
in laboratory experiments) to make the scalaron heavy
and unobservable even outside gravitating bodies similar
to the dilaton in string theory. Indeed, for the func-
tional form (3), Ms ∝ ρn+1m in the quasi-GR regime for
ρm ≫ ρm0. Thus, here there is no necessity to con-
sider the more subtle chameleon effect which can make
scalaron unobservable even if it is light outside bodies
(though heavy inside them). Further, in order to have
the future stable de Sitter stage, λ should be larger than
0.95. For n = 2 and λ = 0.95, the deviation index
B0 = (f
′′/f ′)(dR/d lnH)|t=t0 is not too small nor too
large, namely, B0 = 0.21 [18]. This value is in agreement
with the upper limit B0 < 0.4 recently obtained in [31].
On the contrary, the much more stringent upper limit
obtained from cluster abundance in [32] does not apply
to our model because it was obtained for a similar func-
tional form of f(R) introduced in [14], with its parameter
value characterizing the large-R behaviour corresponding
to n = 0.5 in (3).
To constrain the free parameters, we used the observa-
tional data of CMB byWMAP7 [8] and a power spectrum
of luminous red galaxies (LRG) by SDSS DR7 [33] within
the wave number range 0.02 hMpc−1 ≤ k ≤ 0.08 hMpc−1
to avoid the ambiguities in nonlinear evolution. Based
on [33], we computed Phalo(k) to compare the observa-
tional power spectrum of the LRG sample. We floated
the galaxy bias b0 in (15) in [33] assuming that b0 takes
the same value for the LRG sample, while a1 and a2 are
analytically marginalized.
As a result, we find that in the presence of a 1 eV
massive sterile neutrino f(R) gravity fits the cosmologi-
cal data much better than the ΛCDM model. In terms
of the best-fit χ2eff value, χ
2
ΛCDM − χ2fRG = 9.55. Ac-
cording to the Akaike information criteria (AIC) [34], if
χ2eff improves by 2 or more with a new additional fitting
parameter, its incorporation is justified. In this context,
the performance of f(R) gravity, which includes only one
more additional parameter beyond the ΛCDMmodel, im-
proves χ2eff very well.
The best-fit value for the f(R) parameter is λ = 7.41.
The relatively large value of λ leads practically to the
same background evolution as that in the ΛCDM model.
Thus, it is important to focus on quantities referring to
perturbations. Indeed, comparing the best-fit parameter
values in the two models, most are similar but significant
difference shows up in b0 and σ8.
The value of the galaxy bias parameter b0 helps to
understand the physics. While the ΛCDM model takes
b0 = 1.26± 0.11, f(R) gravity gives b0 = 1.16+0.14−0.23. The
general enhancement of matter fluctuations in f(R) grav-
ity slightly reduces the galaxy bias by ∼ 0.1.
Of course, the enhancement of matter fluctuations in
f(R) gravity is scale dependent and operates on small
scales only. Therefore, it is different from the scale-
independent galaxy bias. Figure 1 depicts the 1σ and
2σ contours for the particular, but very important for
observations, quantity σ8 in the ΛCDM model and f(R)
gravity. The ΛCDM model with a 1 eV massive neu-
trino yields σ8 = 0.692
+0.020
−0.043, which is in disagreement
with observations [12, 33]. f(R) gravity, on the contrary,
works well in this respect with σ8 = 0.838
+0.13
−0.08.
More clearly, we see that f(R) gravity fits the cos-
mological data much better from Fig. 2, in which we
present the CMB temperature power spectrum and the
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FIG. 2: CMB temperature power spectrum with WMAP7
data (upper panel) and galaxy power spectrum b20PDM(k)
at z = 0.2 with SDSS data (lower panel). The lines show
the best-fitted f(R) gravity (solid blue) and the best-fitted
ΛCDM model (dashed black) in the presence of three mass-
less and a 1 eV massive neutrino. The difference of the best-fit
χ2 between them is χ2ΛCDM − χ
2
fRG = 9.55.
galaxy power spectrum for the best-fit parameters in the
ΛCDM model and f(R) gravity. As expected, the CMB
anisotropy is similar in both models but the galaxy power
spectrum is remarkably different. To see the differences
between the ΛCDM model and f(R) gravity directly, we
show galaxy power spectrum b20PDM(k) at z = 0.2 in the
lower panel of Fig. 2, since for this wave number range
one finds Phalo ≃ b20PDM(k). The tilt of the power spec-
trum is different because f(R) gravity efficiently counter-
acts the suppression by the free streaming of 1 eV sterile
neutrinos. This fact leads to f(R) gravity fitting the ob-
servational data significantly better than the standard
ΛCDM model.
Thus we conclude that if an ∼ 1 eV sterile neutrino
is indeed established by ground-based experiments, that
is in fact favored by a number of experiments now, then
cosmology based on f(R) gravity removes the problem
with the inadmissibly low value of σ8 and fits the CMB
and galaxy data much better than the standard ΛCDM
cosmology.
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